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1.Introduction

It is well-posednegslays a crucial role in the stability analysis andnerical methods for optimizatic
theory and nonlinear operator equa. The concept of welbosedness of unconstrained and constre
scalar optimization problems was first introduced audied by levintin and Polyak [1] and by Tykhonov
[19], respectively, Wich has been known as the Lev-Polyak and Tykhonov welposedness, respectively.
There are in the literature a many of papers dgaliith a generalization of Tykhonov w-posedness
relating with optimization problems with more thaneosolutiol. This requires the existence and
convergence of subsequence of every minimizing execpitowards a soluti. For moredetails, we refer
readers to (see, e.g., [2, 4, Bl, 21]). Fang et al. [7] investigated the wptisedness of equilibriu
problems; Kimura et al. [12studied the parametric w-posedness for vector equilibrium problel
Bianchi et al[3] introduced and studied two types of v-posedness for vector uilibrium problems; SJ
and MH [1§ investigated the Levit-Polyak well-posednessf vector equilibrium problem with variable
domination structures, Benon [17] analyzed the Hadamard welbsedness of parametric vec
equilibrium problems, Peng et.dll6] investigated several types of Levifdolyak wel-posedness of
generalized vector equilibrium proble. Long et al. [15] and Zaslavski [Rhtroduced the notions ¢
generalized Levitin-Polyak weflosedness forexplicit constrained EPs and genegil-posedness for Eps,
respectively.Most of these works considered the perturbatioh@fparameters in the vec-valued case.

The aim of this work is to give a new contributionthis are. In particularwe establish some conce
of well-posednesby parametric for new class of equilibrium probleEPy and for optimization problen
with perturbations which includes in special cdsedlassical equilibrium proble..
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We further prove that the well-posedness dafegalized equilibrium problems is equivalent to the
existence and uniqueness of its solution. Thendjatshing feature of our work lies in "ask F nothe
monotone bifunction (as in most papers dealing weijuilibrium problems in well-posedness), but to be
a — monotone (which is rather a weak condition compared to ntonigity)".

In order to achieve the aim, the study is dididhto the following sections. In section 2, wealeto some
definitions and results that need to present ounmesults. In section 3, we establish and germélie
concept of well-posedness for equilibrium problemgeneralized equilibrium problemBR). And derive
some metric characterizations of well-posednessetiion 4, we present a new concept of well-posesin
for optimization problems with constrains descrilbydparametric generalized equilibrium problems.thie
last section, we include some concluding remarks.

2. Preliminaries

In this paper, unless stated otherwise,dissumed that E and X are two real reflexive Basaeltes and
let K be a nonempty convex, closed subset of a @aspace X ani* it is the topological dual space, while
[l. || denote the norm iK*. And thatA : K — E* be a nonlinear mapping, where K is a nonempty etuds
X.

For the convenience of the reader, we recall sonpoitant definitions and useful results that neeté
imposed in order to prove our main results. Letarssider the following a nonstandard equilibriuralgem
[9] (for short EPy ) is to findx € K such that

F(x,y) + Y(x,y) + (Ax,y —x) = 0 Vy €K, (2.1)
in whichF,¥ : K x K — R are two bifunctions and F is a honstandard equuiib problem EPy) with
F(x,x) =¥(x,x) =0 Vx€eK
In what follows, we introduce the formulatiohaptimization problems with equilibrium constraint

Leth: TXxK—R andF: T x KX K— R be two functions, in whicfi c E is a nonempty set. The
optimization problem with generalized equilibriumnstraint (denoted by (OPNPEC)) is formulated as
follows:

minh(t,u) s.t(t,u) € Tx Kand u € S(t),
where S(t) is the solution set of the parametric generalegailibrium problemEPy(t)) defined by
u € S(t) if and only if
F(t,u,v) + ¥(u,v) + (Au,v—u) > 0 (Vv € K). (2.2)
Instead of writind EPy(t): Vt € T} for the family of a nonstandard equilibrium praohbkei.e., the
parametric problem, we will simply writ&Ry) in the sequel.

Throughout this paper, thiener productin Hilbert space H, denoted Ky. ), is defined as
(.,.):H X H— C isinner product in H, if it satisfies the following conditions. Let u,and w be vectors
and r, m be two scalars, then:

1. (u,rv + mw) = 7(u, v) +m(v, w).
2.(u,u) = 0 and equal if and only if u = O for all&H .
3.(v,u) =(u,v) forallu,v € H.
In order to highlight the generality of the probl€fiy), we recall below some special cases, as below:

(i If w=A=0,then problem (2.2) is reduces to the parametyiglibrium problem (for shorgEP(t)),
in fact, findingx € K such thafF(t,x,y) = 0 Vy € K (see [1]).
(i) If ¥ =A=0andF(txy) = —h(t,x,x —y) Vy € K, then problem (2.2) is reduces to the param-etric
guasivariational inequality (for shot, QVI(t)) s2].
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(i) A=0 and¥(x,y) = ¥Y(x) —¥(y) Vy € KandF(t,x,y) = (F(x),y — x) , then problem (2.2) is
reduces to the mixed variational inequalities foort, (MV1)) see [6].
(iv) If A=0, then problem (2.2) reduces to the generaligedibrium problem (for shot,HPy)) see [8].
In recent year, some of the authors haveqs®gp many essential generalizations of monotoniv¥ity
shall use a kind of generalized monotonicity, dtedax — monotone bifunction.

Definition 2.1. [10] Leta : K X K — R be a real-valued function. A bifunctié: K x K — R is called
o — monotone if

F(x,y) + F(y,x) + a(x,y) <0 (Vx,y € K). (2.3)
Definition 2.2. [13] A real-valued function G, defined on a congebset K of X, is said to be hemicontinu-
ous, if

limo+ G(tx+ (1 = t)y) = G(y) (¥xy € K). (2.4)

Here, we consider the following assumptionglBi, vr € [0,1]

Definition 2.3. [13] Let X be a Banach space. A mappihgX — R is said to be

(i) lower semicontinuous (for short, (I.s.c)) akye X, if

(ii) upper semicontinuous (for short, (u.s.c)) atye X, if

for any sequence, of X such thatx,, — x,.
Let us recall that the concepts of a noncompactmessure and Hausdorff metric.
Definition 2.4. [13] Let M, N be nonempty subsets of X. The Hau#doetricH(.,.) between N and M is
defined by

H(N, M) = max{e(N,M),e(M,N)},
where e(N, M) = sup,nd(a, M) = inf,cvlla — b||. Let {N,} be a sequence of honempty subsets of X. We
say thatV,, converges to N in the sense of Hausdorff metriel{lV,,, N) — 0. It is easy to see that\g( N)
— 0 if and only if d@,, N) — O for all selectiom,. € N,.. For more details on this topic, we refer the ezad
to [15].
Definition 2.5. [13] Assume that A is a nonempty subset of X. Tleasure of a noncompactngssf the
set A is defined by

where diam means the diameter of a set.

Recall that the diameter of a subset A, is defeediam (A) = sup|{a — b||: a, b€ A}, provided the set A

is nonempty.
We end this section with theorem that will p&aigey role in the proof of our main results.

Theorem 2.6. [9] Assume that K is a nonempty subset of a retbxive Banach space X,: Kx K —

R is a — monotone bifunction, hemicontinuous in the first argumentiaconvex in the second argument.

Let¥,a: KX K— R be convex in the second argument, and shaK — X* be arbitrary nonlinear

operator. Then a nonstandard equilibrium proble®Py() is equivalent to the following problem:
Find »e K such that
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(Ax,x —y) + F(y,x) + a(x,y) < ¥Y(x,¥) (Vy € K). (2.9)
3. Well-posed of (EPy ) with metric characterizations
In this section we establish some concepts of padled of generalized equilibrium probleBPyg). To

start our analysis. Through the results of thigisecwe give some conditions under which the elgaum
problem is strongly well-posed in the generalizedse.

Definition 3.1. A sequencd(t,,x,)} € T X K is said to be an approximating sequence E®) if there
exists a nonnegative sequereg} with {e,} — 0 asn — oo such that

F(t: Xn:Y) + LI'I(XnJ Y) + <AXn:y - Xn) = _En”y - Xn” Vn € N:y € k. (31)
Definition 3.2. The problem EPy) is said to be strongly well-posed (resp., strongbil-posed in the

{x,} with x, — x, every generalized sense) ifEPy) has a unique solution x, and for every sequence

approximation sequence fdiRy) converges strongly to the unique solution (re$EPy) has a nonempty
solution seB(t), and every approximate solution sequence has a&guésce which strongly to some point
of S(t)).

In what follows, we shall establish some chaazation of well-posedness f&ERy).
For anye > 0 we define two sets:

and

Lemma 3.3. Suppose that K is a nonempty convex, closed sutfsetreal reflexive Banach space X. Let
F:TXKXK—R, A: K—>X" and¥, a: KxK— R be four functions. Moreover, the following
conditions hold:

() F(t,x,x) =0 VteET,x €K,

(ii) F(t,.,.) is a — monotone bifunction and hemicontinuous Vvt € K,

(i) F(t,x,.) is convex Vt € T,x € K,

(iv) Y(x,.) and a(x,.) are convex Vx € K.
ThenF(e) = A(e) foralle > 0.

Proof. Suppose thdt, x) € I'(€). There existgt, x) € T x K such that
SinceF(t, .,.) is « — monotone bifunction
then
F(ty,x) + a(x,y) < —F(txy)
< ¥(xy) +(Axy —x) +elly — x| (3.3)
So (t,x) € A(e). ThereforeI'(e) < A(e). Conversely, assume th@tx) € A(e) and fixy € K.

Lettingx, = x—A(x—y), A €]0,1[ . Thenx, € K since K is a convex. So

= AMAxy —x)+elly — x| ] — alxx)) + P(x,x3). (34)
Taking into accountF(t, x,.) is convex

So,
Since ¥(x,.) anda (x,.) are convexvx € k, then

From (3.4), (3.5), (3.6) and (3.7), one can get
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SinceF(t,.,.) is hemicontinuous, then
A[-F(tx,y)
+(1-D[¥PEx) + alxx)].
So,

F(t,x,y) + Y

From (2.5) and (2.6), one can obtain

Hence(t,x) € I'(e). Thereforel'(€) = A(e) foralle > 0.
Lemma 3.4. Let K be a nonempty convex, closed subset of aredlxive Banach space X. Suppose that
F:TXKXK—R and ¥,a:T X KX K— R are three functions and : K — X* is arbitrary nonlinear
operator. Satisfy in the following conditions:

()x — (Ax,y — x) is u.s.c on K with respect teeak™ — topology of X*,

(iNF(.,x,.) and a(.,y) arel.s.c Vy € K,

(i) P(.,y)is u.s.c Vy € K.
ThenA(e) = A(e) inT X K forany e > 0.
Proof. Since the fact tha(e) S A(e) holds alwaysthen it is enough to show that(e) € A(e). Assume

that(t,x) € A(e) then there exist§(t,, x,)} € A(€) which converge sequence(px) in T x K.
So,
F(th, ¥, Xn) + a(Xp,y) < W(Xp,y) + (Axp,y — Xp) + €lly — xp|l (Vy € K).
From conditions (i-iii), then
F(ty,x) + a

SV (xy) +{Axy —x) +elly — x|,
which implies thatt, x) € A(€). Thereforep(e) = A(e) inT X K forany € > 0.

The first main result of this paper is giugy the following theorem.
Theorem 3.5. Assume that K is a nonempty convex, closed sutfsztreal reflexive Banach space X. Let
F:TXKXK—R, A: K— X" and ¥,a: KX K— R be four functions. If EPy) is strongly well-
posed. Then

Moreover, if the following assumptions hold:
() x — (Ax,y — x) is u.s.c on K with respect teeak™ —topology ofx*,
(i) F(t,x,x) =0,Vte T,x €K,
(i) F(.,x,.)isl.s.c and convex V x € K,
(iv) F(t,.,.) is « — monotone bifunction, hemicontinuous, Vt € T,
(V) a(.,y) and ¥(.,y) are u.s.c Vx € K,
(Vi) P(x,.) and a(x,.) are convex Vx € K,
(vii) ¥(.,y) isu.s.c Vy € K.
Then the converse holds.
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Proof. Assume thaEPy) is strongly well-posed. TherEEy) admite a unique solutiait,x) € T X K, i.e.,

Clearly,I'(e) = @ for anye > 0. By the contradiction, assume tiiat_,, diam (F(e)) >p>0.
for some nonnegative sequerieg}, We could find two sequencé&,, x,)} and {(t,,v,)} satisfy
(tn, Xy ) € F(e) , (th,yn) € F(e), and

Since{(t,, x,)} and{(t,, y,)} are approximating sequence {&Py). By the well-posedness dfEPy)
they have to converge strongly to the unique smiutif (EPy) a contradiction to (3.10).

Conversely, suppose that condition (3.9) holds. {(&}, x,,)} be an approximating sequence fBPy) so,
there exists a nonnegative sequefigg with {e,} — 0 asn — oo such that

This yields thaf(t,, x, )} € F(en). It follows form (3.9) that{(t,, x, )} is a Cauchy sequence and so it

converges strongly to a poiftx) € T x K. It follows from (3.11) @ — monotonicity and because(.,y) ,
F(.,y,.) arel.s.c and¥(.,y) is u.s.c, that

The fact together with Theorem 2.&, x) solves(EPy). To complete the proof, it is sufficient to shdvat
(EPy) has a unique solution. (EPy) has two distinct solution&;, u;) and(x,, u,), it is easily seen that

(x1,u1) , (xz,uz) € T(€,) for alle > 0. It is follows that

This yields(x4,u;) = (x,,u,) and so(EPy) has a unique solution.
Remark 3.6. Assume that diameter df does not tend to zero, (EPy) has more than one solution. In the

next result we consider the Kuratowski noncompastmeeasure of approximating solution set insteddeof
diameter.

Theorem 3.7. Assume that T and K are nonempty, closed and cosubsets of real reflexive Banach
spaces E and X respectively. (EPy) is strongly well-posed in the generalized senseenT

Ve > 0,lim., B(T'(e)) = 0, where T'(e) # @. (3.12)
Moreover, if the following assumptions hold:
() x — (Ax,y — x) is u.s.c on K with respect teeak™ —topologyof X*,
(iDF (t,x,x) = O,Vte T, x € K,
(iii) F(.,x,.) isl.s.c and convex V x € K,
(iv) F(t,.,.) is a — monotone bifunction, hemicontinuous, vVt € T,
(v) a(.,y) and W(.,y) are u.s.c Vx € K,
(vi) ¥(x,.) and a(x,.) are convex Vx € K,
(vii) ¥(.,y) isu.s.c Vy € K.
Then the converse holds.
Proof. Let(EPy) be strongly well-posed in the generalized sefiben the solution set S OEPy) is a
nonempty. This indicates that, for any 0,I'(e) = @ becausé§ c I'(e). Moreover, we claim here that the
solution set S of(EPy) is compact. Indeed, for any sequefi@g,x, )} in S. {(t,, X, )} is an approxima-
ting sequence fatEPy). Thus there exists a converging subsequence te point of S. This implies that S
is compact. Now, we show thiatn,_,, B(T'(€)) — 0. It follows from S  I'(e) that
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Since the solution set S is compact, then

whereB(S) = 0, since S is compact. To prolien._,, B(T'(€)) = 0. It is sufficient to show that(T'(e), S) -
0 ase — 0. If not, there exists a constant- 0 and{e_} - 0, and{(ty, X, )} < I'(¢,) in which

whereBc(0) is an open ball with center 0 and radziusHowever, {(ty, x, )} € T'(ey) is an approximating
2

sequence f@EPy), it follows the generalized well-posednesgEify) that there exists a subsequence con-
verge to some point @, x) € S, which contradicts (3.13).

Conversely, suppose that (3.12) holds. By LemmaBd3.4.T'(e) is a nonempty and closed for alt> 0.
By the Kuratowsky Theorem [13], one can obtain

whereS = N __,T'(e) is a nonempty and compatet {(t,,x, )} € K be any approximate solution seque-

€0
nce for(EPy). So there exists a nonnegative sequefieg} with {e_} — 0 asn — 0 such that

This means thdt,, x, ) € I'(e,). This together with (3.12) indicates that

Since S is compact, it follows that there ex{$fs x;) € S in which

Again, by the compactness of the solution set 8,sdquencét,, X,) has a subsequen{(eq,m )}
converge strongly t4(t,, X,)} € S. Therefore, the correspondifift,,,xn, )} subsequence dft,, x, )}
converge strongly to{(t,, X;)} . Hence, (EPy) is well-posed in the generalized sense.

4. Well-posedness for optimization problems with generalization parametric equilibrium
constraints
In this section, we introduce the formulation agitimization problems with equilibrium constraint.
Further, wepresent some well-posedness results for optimizgtioblem.
Definition 4.1. A sequencé(t,,u, )} € T X K is said to be an approximating sequence for (ORYRE
(i) there exists a nonnegative sequdagkwith {€_} - 0 asn — o such that

(ii)

Definition 4.2. (OPNPEC) is said to be strongly well-posed (respangly well-posed in the generalized
sense) if (OPNPEC) has a unique solution x an@¥ery approximating sequence for (OPNPEC) converge
strongly to the unique solution (resp.Si# @ and every approximate solution sequence has &guésce
which strongly converges to some point of S).

The set of approximating solutions of (OPNPEC)dared by

Theorem 4.3. Assume that K is a nonempty convex, closed suifseBanach space X. LEt: T X K X
K— R, h: TXx K— R and ¥,a: Kx K— R be four functions. If@PNPEC) is strongly well-posed,
then

Moreover, if the following assumptions hold:
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() x — (Ax,y — x) is u.s.c on K with respect teeak* — topology of X,
(i) F(t,x,x) = 0,Vte T,x € K,
(i) F(.,x,.)isl.s.c and convexV x € K,
(iv) F(t,.,.) is « — monotone bifunction, hemicontinuous, Vt € T,
(V)a(.,y) and ¥W(.,y) are u.s.c Vy € K,
(Vi) ¥(x,.) and a(x,.) are convex Vx € K,
(vii) P(.,y) isu.s.c Vy €K,
(viii) his I.s.c.
Then the converse holds.
Proof. Assume that (OPNPEC) is strongly well-pogdwn (OPNPEC) admits a unigue solut{onx) €
TxKi. e,

Obviously,n(g, 8) # @ for anye, § > 0, since(t, x) € n(e, 6) for anye, 6 > 0. If daimn(e, §) »
0 ase » 0,8 —» 0 then there exists a constagnt> 0 and{e,}, {6,} with{e,} - 0,{8,} - 0 and

(tn, Xn), (tn, V) € N(€n, 84) in which

Since,(ty, Xp), (th, Vn) € N(€n, 8,) Vn € N, so both{(t,, x,)} and {(t,, y,)} are approximating sequence
for (OPNPEC). By the well-posedness of (OPNPE@y tiave to converge strongly to the unique solution
of (OPNPEC) a contradiction to (4.2).

Conversely, suppose that condition (4.1) hdlds{(t,, x,)} be approximating sequence for (OPNPEC).
So there exists a nonnegative sequédaggwith {e¢,} —» 0 in which

This yields tha(t,, x,,) € n(ep, 8,). It follows from (4.1) tha{(t,, x,)} is a Cauchy sequence and so it
converges sequence to a pdink) € T x K. It follows from 4.3 and assumptio(is — vi) that

Also, one can note from (4.3) and assumpfiii) that

> lim, inf h(t,, x,)

So, by Theorem (2.6}, x) solve (OPNPEC). The uniqueness follows immedidtely (4.1). Therefore,
we complete the proof.
By the similar proof as that of Theorem 2ie can obtain the following result for the wellspdness of
(OPNPE).
Theorem 4.4. Assume that T and K are nonempty, closed and cosubsets of real reflexive Banach
spaces E and X respectively, if (OPNPEC) stronghyl-4posed in the generalized sense, then

Ve, & > 0,lim 5)-0,0) B (n (e, 8)) =0, wheren(e, 6) = 0.
Moreover, if the following assumptions hold:
() x — (Ax,y — x) is u.s.c on K with respect teeak* — topology of X*,
(i) F(t,x,x) =0,Vte T,x €K,
(i) F (.,x,.) isLs.c and convex V x € K,
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(iv) F(t,.,.) is a — monotone bifunction, hemicontinuous, vt € T,
(v) a(.,y) and ¥(.,y) are u.s.c Vy € K,

(Vi) ¥ (x,.) and a(x,.) are convex Vx € K,

(vii) ¥(.,y) isu.s.c Vy €K,

(viii) hiis l.s.c.

Then the converse holds.

5. Conclusions

In this work,we introduce some concepts of well-posedness fdass of equilibrium problems with
perturbations, which includes as a special casel#t®s ofequilibrium problemsn [7, 8]. Weestablish some
well-posedness results for a nonstandard equitibrproblem (EPy) and for optimization problem involving-
monotone bifunctionMoreover, notice that several problems of well-pivess has been generalized to
nonconvex variational inequalities, saddle pointobtems, fixed point problems, mathematical
programming, Nash equilibrium problems, optimizatiaroblems with variational inequalities constrains
optimization problems with Nash equilibrium consisa
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